ON HOMOTOPY POISSON ACTIONS AND REDUCTION OF 
SYMPLECTIC Q-MANIFOLDS 



RAJAN AMIT MEHTA 



Abstract. We present a general framework for reduction of symplectic Q- 
manifolds via graded group actions. In this framework, the homological struc- 
ture on the acting group is a multiplicative multivector field. 



1. Introduction 

A degree n symplectic TVQ-manifold is an N-graded manifold equipped with a 
degree n symplectic structure and a symplectic homological vector held. There has 
recently been much interest in symplectic ./VQ-manifblds, primarily arising from the 
following one-to-one correspondences, due to Roytenberg [12] and Severa |17j : 



degree 1 symplectic TVQ-manifolds 



i — > 



Poisson manifolds 



degree 2 symplectic iVQ-manifolds < — > Courant algcbroids 



These correspondences suggest that one should be able to study Poisson, Courant, 
and generalized complex geometries from the perspective of graded symplectic ge- 
ometry. Following this premise, the papers [2] and [4] have shown that various 
constructions for Poisson, Courant, and generalized complex reduction can be in- 
terpreted as examples of symplectic reduction of iVQ-manifolds. This point of view 
unifies the various methods of reduction and, in a sense, explains why they work. 

Consider moment map reduction in the case where 5 is a symplectic NQ- 
manifold and Q is a graded Lie group with a Hamiltonian action on S. Under 
the usual regularity assumptions, a graded version of the Marsden-Weinstein the- 
orem guarantees that the reduced space inherits a symplectic structure. In order 
to ensure that the homological vector field on S also descends to the quotient, one 
must impose additional hypotheses. In [4] and [2], it was proposed (in the cases 
n = 1 and n = 2, respectively) that Q should be allowed to have extra structure; 
namely, the Lie algebra g of Q should be a differential graded Lie algebra (DGLA). 
A DGLA structure on g integrates to a multiplicative homological vector field on Q, 
making Q into a dg-group or a Q-group. It was shown in [4] and [2] (again in their 
respective cases) that, if Q is connected and the comoment map Q[n] -> C°°(<S) is a 
morphism of DGLAs, then the vector field on S passes to the symplectic quotient. 

On the other hand, the following example of Poisson quotients illustrates that 
Q-groups or DGLAs are insufficiently general to incorporate all known notions 
of reduction. Let M be a Poisson manifold, and let G be a Poisson Lie group 
with a Poisson action on M. Then it is known that the quotient M/G, if smooth 
(for example, if the action is free and proper), inherits a Poisson structure. This 
example may be restated in the language of graded symplectic geometry as follows. 
The degree 1 symplectic A^Q-manifold associated to the Poisson manifold M is 

l 
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the shifted cotangent bundle T*[1]M. The action of G on M naturally lifts to a 
Hamiltonian action on T*[1]M, and the symplectic quotient may be canonically 
identified with T*[\](M/G). The homological vector field on T*[1]M naturally 
descends to T*[1](M/G), giving the Poisson structure on M/G. 

The example that we have just described involves the action of a Poisson Lie 
group and does not fit into the framework of reduction by Q-group or DGLA action. 
This fact suggests that the theory of reduction of symplectic iVQ-manifolds should 
allow the acting group to possess a general structure that includes both Q-groups 
and Poisson Lie groups as special cases. The search for such a generalization leads 
us to the notion of homotopy Poisson Lie group. 

A homotopy Poisson structure is an Loo structure whose brackets satisfy a Leib- 
niz rule. Such structures have appeared in the work of Voronov |15[ 116] under the 
name "higher Poisson brackets," and Cattaneo and Felder [6] have called them Poo 
structures. See (T] for more recent work involving such structures. 

A homotopy Poisson Lie group is a graded Lie group whose algebra of functions 
has a multiplicative homotopy Poisson algebra structure. Both Q-groups and Pois- 
son Lie groups are examples of homotopy Poisson Lie groups. The main result of 
this paper is a reduction result for homotopy Poisson Lie group actions — essentially, 
if a homotopy Poisson Lie group has a Hamiltonian action on a symplectic NQ- 
manifold, then under certain compatibility and regularity conditions, the symplectic 
quotient inherits a homological vector field. This result provides a quite general 
framework for moment map reduction of symplectic TVQ-manifolds. 

The structure of the paper is as follows. In SJSJ, we review the definition of ho- 
motopy Poisson manifolds and their characterization in terms of multivector fields. 
In we introduce homotopy Poisson Lie groups and describe their corresponding 
infinitesimal objects, which we call homotopy Lie bialgebras. We consider actions 
of homotopy Poisson Lie groups on homotopy Poisson manifolds in SJH proving that 
if an action satisfies a compatibility condition, then its quotient inherits a homo- 
topy Poisson structure. The heart of the paper is [JH where we turn to Hamiltonian 
actions of homotopy Poisson Lie groups on degree 1 symplectic (not necessarily 
AT)Q-manifolds. In |j6l we show how the framework of |J5] includes homotopy Pois- 
son quotients and, in particular, Poisson quotients. Finally, in $7l we describe a 
modification of the definition of homotopy Poisson Lie group that allows one to 
extend the results of |}5]to reduction of degree n symplectic Q-manifolds. 

Acknowledgements. The author thanks Marco Zambon, Florian Schatz, Henrique 
Bursztyn, and Alberto Cattaneo for helpful comments and discussions. 

2. Homotopy Poisson manifolds 

In this section, we recall the notions of homotopy Poisson algebra and homotopy 
Poisson manifold. For more details and applications of such structures, we refer 
the reader to [6l [5j [T3] (under the name Poo-manifolds and [HI [16l [T] (under the 
name higher Poisson manifolds). 

Let A = J^iez be a S ra ded commutative algebra over a field k 7 and let 
A := *4[1] be the degree 1 suspension of A, so that Ai = Ai+i- 

Definition 2.1. A homotopy Poisson algebra structure on A consists of a series of 
multilinear ^-ary brackets fit : A® e —> A for I > such that the following properties 
hold: 
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(1) The degree of (3e is 1; that is, \[3t{ax, ...,at)\ = 1 + \ a i\ f° r an homoge- 
neous ai,...,at £ A. 

(2) The brackets (3i are graded symmetric. 

(3) If ax, . . . , ae-i are homogeneous elements of A, then f3e(ai, . . . , at-x, •) is a 
graded derivation of degree 1 + ^ |aj|. 

(4) The brackets fit satisfy the generalized Jacobi identities (with the sign con- 
vention of [15]; also see [13]). 

In other words, a homotopy Poisson algebra is a graded commutative algebra 
with an structure such that the multibrackets satisfy a Leibniz rule. We may 
think of a homotopy Poisson structure as being a generalization of a Poisson struc- 
ture, where the Jacobi identity is allowed to only hold "up to homotopy." We 
remark, however, that homotopy Poisson structures do not give the cofibrant reso- 
lution of the Poisson operad, where the Leibniz rule, as well as the commutativity 
and associativity of multiplication, would be similarly weakened. 

Remarks 2.2. (1) The traditional definition of Loo-algebra does not include a 
0-ary bracket /3q. Following common terminology, we say that a homotopy 
Poisson algebra is flat if (3q vanishes. 

(2) If Pi is thought of as a bracket on A, as opposed to A, then fig is of degree 
2-1. 

(3) We will say that a homotopy Poisson algebra is of finite type if there exists 
a q such that = for all £ > q. 

Let A and A' be homotopy Poisson algebras. A (strict) morphism of homotopy 
Poisson algebras from A to A' is a map r) : A — >• A' such that rj(/3t(ax, . . . , a£)) — 
f3' e (r)(ax), ■ • • , T)(a£)) for all ax, ■ . . , at € A. One could also try to define weak mor- 
phisms, but this will be unnecessary for the present purposes. 

Definition 2.3. A homotopy Poisson manifold is a Z-graded manifold M. whose 
algebra of functions C°° (A4) is equipped with a homotopy Poisson algebra structure 
of finite type. A map ip : M. — > M' of homotopy Poisson manifolds is a homotopy 
Poisson morphism if the pullback map ip* : C°°(M') C°°(A4) is a morphism of 
homotopy Poisson algebras. 

Let (M,j3i) be a homotopy Poisson manifold. Properties (l)-(3) in Definition 
12.11 imply that for each £ there exists an ^- vector field Kt € 3L l (M ) of degree 2 — I 
such that [3g is given by the derived bracket formula 



The algebra X'(A4) of multivector fields has a natural bigrading, and with re- 
spect to the total grading the I- vector fields tti are all of degree 2. If we let it — Y^, ^e, 
then the generalized Jacobi identities are equivalent to the equation 



A degree 2 multivector field satisfying (|2.2I) has been called a Poisson multivector 
field by Schatz [l3j . The derived bracket (|2.1[) relating Poisson multivector fields 
and homotopy Poisson structures is due to Voronov [HI [16] . 
The following statement summarizes the above discussion. 



(2.1) /5 
for fx,..., ft eC°°(M). 



Pe(fi,..., ft) = •••],/*] 



(2.2) 



[7T, 7r] = 0. 
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Proposition 2.4. Let M be a It-graded manifold. The derived bracket formula 
(|2.ip gives a one-to-one correspondence between homotopy Poisson structures and 
Poisson multivector fields on A4. 

We leave the proof of the following proposition as an exercise for the reader. 

Proposition 2.5. // A4 and A4' are homotopy Poisson manifolds with Poisson 
multivector fields it and it' , respectively, then a smooth map tp : M. — > M' is a 
homotopy Poisson morphism if and only if tt is tp-related to tt' . 

Examples 2.6. (1) A homotopy Poisson manifold where ft — for I ^ 1 is a 
Q-manifold, that is a graded manifold equipped with a degree 1 vector field 
71"! such that (tti) 2 — 0; such a vector field is called homological. Many 
interesting examples of Q-manifolds come from Lie algebroids |14) . 

(2) A homotopy Poisson manifold where ft = for £ ^ 2 is a graded Poisson 
manifold. In particular, a homotopy Poisson structure on an ordinary man- 
ifold is the same thing as a Poisson structure, since a degree 2 multivector 
field on an ordinary manifold is necessarily a bivector field. 

(3) A homotopy Poisson manifold where ft is nonzero for only I = 1, 2 is a QP- 
manifold, that is a graded Poisson manifold equipped with a homological 
Poisson vector field. This type of structure appears, for example, in BRST 
quantization [TJ. 

(4) By allowing ft to be nonzero for more than two values, one obtains more 
general possibilities. For example, if ft is nonzero for only £ = 0, 1, 2, then 
equation (12. 2j) decomposes into the following set of properties: 

• 7T2 is a Poisson bivector. 

• 7Ti is a Poisson vector field. 

• ttq is a 7Ti-invariant function. 

• The failure of tt\ to be homological, (7Ti) 2 , equals the Hamiltonian 
vector field of ttq. 

Let M. be a homotopy Poisson manifold with Poisson multivector field tt. Define 
the operator d^ :— [it, ■] on X'(M). This operator is of total degree 1 since it is of 
total degree 2, and the integrability equation (|2.2I) holds if and only if d\ = 0. 

Proposition 2.7. The map it y-^ d„ gives a bijection from Poisson multivector 
fields on a graded manifold M. to degree 1 differentials on X*(A4) that are deriva- 
tions of the Schouten bracket. 

Proof. Let S be a degree 1 operator on 3L'{M) that is a derivation of the Schouten 
bracket and such that 8 2 = 0. Write 5 = ^ Sg, where Si takes elements of 3L l (M) 
to % l+e ~ 1 (A4). For t > 0, we can then obtain an £-ary bracket /3| by the formula 

Pl(A,...,fi) = [{■■■ [6 e A, fr], ■■■},/£}. 

The skew-symmetry and Leibniz rule for /3f follow from the derivation property of 
5p . If we define an £- vector field 7r| by the derived bracket equation 

Pl(h, = [[■■■[{4, MM, ■■■},/*}, 

then we immediately have ft = [nf, ■]. 

To deal with the case i = 0, we use the Euler vector field e S X{M) associ- 
ated to the grading on M, defined by e(f) = |/|/ for a function / e C°°(M) of 
homogeneous degree |/|. Then we let 7Tq = — |<Jq£- 
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The reader may verify that the map S i — v tt^ that we have described is a two-sided 
inverse to the map 7r i-> d v . □ 

Recall that, if M. is a graded manifold, then X'(Ai) is the algebra of polynomial 
functions on T*[1]AL From this point of view, the Schouten bracket of multivector 
fields can be identified with the Poisson bracket associated to the canonical degree 1 
symplectic structure on T*[1]AL Thus we may view Proposition ^ . 71 as giving a one- 
to-one correspondence between structures on A4 and (polynomial) symplectic 
homological vector fields on T*[1]AL 

Remark 2.8. If M. is a homotopy Poisson manifold, then T*[1].M is a degree 1 
symplectic Q-manifold but in general will have coordinates in negative degrees even 
if M. is nonnegatively graded. Therefore it is essential for the purposes of this paper 
that we consider symplectic Q-manifolds that are Z-(as opposed to N-)graded. 

3. Homotopy Poisson Lie groups 

Definition 3.1. A homotopy Poisson Lie group is a graded Lie group Q equipped 
with a homotopy Poisson manifold structure such that the multiplication map m : 
Q x Q — > Q is a homotopy Poisson morphism. 

Examples of homotopy Poisson Lie groups include Q-groups (that is, graded 
Lie groups equipped with multiplicative homological vector fields) and Poisson Lie 
groups. 

Definition 3.2. Let Q be a graded Lie group. A multivector field A s X'(Q) is 
left-invariant if (0, A) G X*{Q x Q) is m-related to A; it is right-invariant if (A, 0) 
is m-related to A. 

The following statement is an analogue of the fact that for Poisson Lie groups, 
the Poisson bivector acts on left- invariant vector fields (see [5]). 

Proposition 3.3. Let Q be a homotopy Poisson Lie group with Poisson multivector 
field <p. If X € X'(G) is a left-invariant multivector field, then [<p,X] is also left- 
invariant; if X is right-invariant, then [</>, A] is also right-invariant. 

Proof. By the definition of homotopy Poisson Lie group, we have that (</>, cj>) is 
m-related to (j>. Relatedness is preserved by the Schouten bracket, so if A is left- 
invariant then [((/>, <fi), (0, A)] is m-related to [<f>, A]. On the other hand, [(0, <fi), (0, A) 
([4>, 0], [4>, A]) = (0, [(f), A]). Therefore [0, A] satisfies the left-invariance property of 
Definition 13.21 The proof for right-invariant multivector fields is similar. □ 

It follows from Proposition 13.31 that the differential d$ := [</>,•] on X'(Q) may 
be restricted to the algebra of left-invariant multivector fields. If g is the graded 
Lie algebra of Q, then we can identify S(g[— 1]) with the algebra of left-invariant 
multivector ficldtQ. We denote the restriction of to S(g[— 1]) by d^. Thus we 
have the following infinitesimal description of homotopy Poisson Lie groups. 

Definition 3.4. A homotopy Lie bialgebra is a graded Lie algebra g equipped with 
a differential d^ on S(g[— 1]) that is a derivation of the Schouten bracket. 



We use S(g[— 1]) instead of /\g in order to agree with our sign convention for multivector 
fields, where X*(M) = S{X(M)[1]). 
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Remark 3.5. Definition 13.41 may be equivalently formulated as follows: A liomotopy 
Lie bialgebra is a graded Lie algebra g such that g* [1] is equipped with a polynomial 
homological Poisson vector field d^. Any polynomial homological vector field on 
0*[1] is equivalent to an Loo-algebra structure on g*, and the requirement that d$ 
be Poisson expresses a compatibility between the Lie algebra structure on g and 
the Loo structure on g* associated to d^. 

Examples of homotopy Lie bialgebras include differential graded Lie algebras 
(DGLAs) and Lie bialgebras. Indeed, these are the infinitesimal objects corre- 
sponding to Q-groups and Poisson Lie groups, respectively. 



Let M. be a homotopy Poisson manifold with Poisson multivector field 7r, and 
let Q be a homotopy Poisson Lie group with Poisson multivector field 4>. 

Definition 4.1. A homotopy Poisson action of Q on Ai is a graded group action 
such that the action map a : Ai x Q — >A4isa homotopy Poisson morphism. 

The following proposition gives an infinitesimal description of homotopy Poisson 
actions, generalizing that of Poisson actions given by Lu and Weinstein [5]. 

Proposition 4.2. Let a : M. x Q — > M be a right homotopy Poisson action, and 
let p : g — > X(M) be the induced infinitesimal action. Then the map p := S(p[— 1]) : 
S(g[— 1]) — > X m (A4) is a morphism of differential Gerstenhaber algebras. 

Proof. That p respects brackets follows, as in the case of ordinary Lie group actions, 
from the fact that a is a right action. It remains to show that p respects differentials. 

The map p is uniquely characterized by the property that (0, v) G %*(A4 x Q) 
is cr-related to p(v) for any v € S(g[— 1]), where v is the left-invariant multivector 
field associated to v. 

By the definition of homotopy Poisson action, we have that (jr, </>) is cr-related to 
7T. Since the Schouten bracket preserves relatedness, we then have that [(7r, 0), (0, V 
)] is cr-related to [tt, p(v)]. On the other hand, [(ir, 0), (0, V)] = (0, [0, V]) = (0, d<yv 
), so we conclude that ^(d^v) = [7r,p(t>)] = d^pfa). □ 

Lemma 4.3. Let M. be a homotopy Poisson manifold, and let Q be a homo- 
topy Poisson Lie group with a homotopy Poisson action on A4. Then the alge- 
bra C°°(M)G of Q -invariant functions on M. is closed under the multibrackets fit. 
Therefore, if the action is free and proper ( so that the quotient Ai/Q is a graded 
manifold and we may identify C°°(Ai) s with C° a (M/G)), then M./Q inherits a 
homotopy Poisson structure. 

Proof. Let fi,...,ft G C°°{M) be ^-invariant. Equivalently, r*/i = a* f i} where 
r : M x Q — > M is the map given by projection onto M . Clearly, r is a homotopy 
Poisson morphism, so, letting j3e denote the £-ary bracket on C°°{M x Q), we have 



4. Homotopy Poisson actions 



,r*fe) 
,ft). 



Thus, Pt(fi, ■ ..,/<) is ^-invariant. 



□ 
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5. HAMILTONIAN ACTIONS 

Let S be a degree 1 symplectic Q-manifold; that is, S is a (Z-)graded manifold 
equipped with a nondegenerate degree — 1 Poisson structure and a degree 1 Poisson 
vector field Qs such that Q| = 0. Suppose that a homotopy Poisson Lie group 
(Q, 4 1 ) has a Hamiltonian right action on S with action map a : S x Q — > S and 
equivariant moment map fi : S — > g* [1] . 

Let L and R be the maps from T*[1]C/ to g* [1] given by left- and right-translation, 
respectively. Specifically, if v and v denote, respectively, the left- and right- 
invariant multivector fields associated to v G S(g[— 1]) C C°°(g*[l]), then L and 
R are given by R*v —v and L*v = v. 

We identify T*[l]£/ with g*[l] x Q via right-translation, i.e. by identifying R with 
the projection map fj*[l] x Q — > fl*[l]. Using this identification, we may lift the 
moment map to a map := (fx x 1) : S x Q — > T*\1]Q. The equivariance property 
of /j, is then equivalent to the commutativity of the diagram 

(5.i) 5xg^r[i]5. 



ii 



We construct a vector field $ on S x Q, given by $(/) = Qs(f) for / G C°°(<S) 
and <i>(a) = ^d^a for a G C°°(Q). On the right side of the latter equation, a is 
viewed as a fiberwise-constant function on T*[l]<5 (or, equivalently, as a 0- vector 
field on Q). 

Lemma 5.1. If the moment map /j, is a Q-manifold morphism (that is, if Qs is 
/i-related to d$), then (f> 2 = 0. 

Proof. Let r denote the projection map from S x Q to S. Observe that the diagram 
(5.2) S X g—!U-T*[l]g 

R 
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presents S x Q as the fiber product S rT*[1]Q . The multiplicativity of 4> implies 
that R is a Q-manifold morphism |llj . If /i is also a Q-manifold morphism, then 
it follows that the product vector field (Qs,d<p) G X(S x T*[l]5) is tangent to 
the fiber product. It is immediate from the definition of $ that, in this case, the 
restriction of (Qs,d$) to the fiber product is equal to The equation <I> 2 = is 
then a consequence of the fact that (Qs, d(f>) 2 — (Q%' °^>) = 0- ^ 

Thus, if n is a Q-manifold morphism, then $ gives S x Q the structure of a 
Q-manifold. 

Definition 5.2. The action of Q on S is called Q -Hamiltonian if the moment map 
fj, and the action map a are both Q-manifold morphisms. 

Theorem 5.3. Let Q he a flat homotopy Poisson Lie group with a Q-Hamiltonian 
action on a degree 1 symplectic Q-manifold S. If is a regular value of /i and the 
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action of Q on /i 1 (0) is free, then the homological vector field on S descends to a 
symplectic homological vector field on fi~ 1 (0)/Q. 

Proof. Since is a regular value, the ideal X of functions on S that vanish on 
/i _1 (0) is generated by {n*v : v € q[— 1]}. The equivariance property of /i implies 
that {fj,* v , (J,* w} — [i*[v,w] for all v,w € q[— 1]. Therefore X is closed under the 
Poisson bracket, which means that /x _1 (0) is a coisotropic submanifold of S. 

Let v G g[— 1]. Then Qs(/i*v) = fj,* (d<f,v) , since is assumed to be a Q-manifold 
morphism. The flatness of cj> ensures that d^v does not have a constant component, 
so d^v vanishes at 0, and therefore Qs{n*v) vanishes on /i _1 (0). This proves that 
X is (^-invariant. 

If Q is connected, then the algebra of functions on the symplectic quotient is 
N(X)/X, where N(X) is the Poisson normalizer oil. The fact that X is Q^-invariant 
implies that N(X) is Qs-invariant, and it follows that Qs descends to N(X)/X. The 
descended vector field inherits the properties of being symplectic and homological 
from Qs- 

In the case where Q is not connected, we need to furthermore show that the 
restriction of Qs to ^t _1 (0) descends to the global quotient. For this, we consider 
the restriction of the action map a to er : /i _1 (0) x Q — > /i _1 (0). The restriction of 
the vector field $ to /i _1 (0) x Q is simply the product vector field (Qs, 0i ) , where 
4>i £ is the vector field component of </>. The Q-Hamiltonian property of the 

action implies that Co is a morphism of Q-manifolds. Thus, we may apply Lemma 
14.31 to the action of (G,4>i) on (/i _1 (0), Qs) to conclude that Qs descends to the 
quotient. □ 

Remark 5.4. In the proof of Theorem 15. 3[ the condition that a be a Q-manifold 
morphism was not needed in the case where Q is connected. The reason for this 
is that, when Q is connected, it can be shown that the condition that /i be a Q- 
manifold morphism implies the same for a. 



6. Homotopy Poisson actions revisited 

In ordinary symplectic geometry, a standard example of Hamiltonian action is 
that of cotangent lift. Specifically, if G is a Lie group with a free and proper action 
on a manifold M, then there is a natural way to lift the action of G on M to a 
Hamiltonian action of G on T*M, where the symplectic quotient may be identified 
with T*(M/G). In a sense, this allows us to view ordinary quotients as examples 
of symplectic quotients. 

In this section, we interpret quotients in the homotopy Poisson category in terms 
of symplectic quotients, via a supergeometric version of the cotangent lift construc- 
tion. Throughout this section, let (A4,ir) be a homotopy Poisson manifold, and let 
(G, 4>) be a fiat homotopy Poisson Lie group with a free and proper right homotopy 
Poisson action a : M x Q — > M. 

First, we will describe the shifted cotangent lift action of Q on T*[1]A4. 

Consider the pullback bundle a* (T*[\]M). We may make the identification 
C°°(a*(T*[l]M)) = C^iM x Q) ® CT X'{M). There is a natural push-forward map 
cr* : X'{M x Q) -> C°°(a*(T*[l]M)), satisfying the property that a*Z = 1®X 
whenever Z G X'(M x Q) is a- related to X e X'(M). The map a* has a right 
inverse l : C°° (a* (T*[1]M)) —> X*(M x Q), whose image is the space of horizontal 
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multivector fields. Thus, if Z is a horizontal multivector field on M. x Q, then 
10 a*Z = Z. 

Let a and f be maps from a*(T*[l]M) to T*[l]M, given by a*X = 1 ®X and 
r*X = cr*(X, 0) for X G X*(M). Letting r be the projection map from M x G to 
£/, we have that the following diagrams commute: 

a*{T*[l}M) >-T*[lLVt a*(T*[l]M) -?-^T*[l]M 

MxG - Mxg 

We may identify a*(T* [1]M) with T*[1]M x Q by taking f to be the projection 
map, and we may then interpret a as the action map for a right action of Q on 
T*[1]M. 

Definition 6.1. The action of Q on T*[1].M associated to the map a : <r*(T*[\]M) = 
T*[1]M x6-> T*[l]M is the (shifted) cotangent lift of a. 

We emphasize that this cotangent lift construction is simply a supergeometric 
analogue of the ordinary cotangent lift construction. In particular, the homotopy 
Poisson structures on Q and Ai do not play any role in the construction. 

Next, we will show that a is a Hamiltonian action, where the moment map arises 
from the infinitesimal action g — » X(A4). 

Let p : g — > X(A4) be the infinitesimal action associated to a, characterized by 
the property that (0, v) G X(M x Q) is a-related to p{v) for v G g. Similarly, the 
infinitesimal action associated to a is a map p : g — > X(T*[1]A / J), characterized by 
the property that v is ^-related to p(v) for v G g, where v G X(a*(T* [1]A4)) is 
determined by the equations 

(6.1) v(t*X) = 0, 

(6.2) v(a <g> 1) = v (a) ® 1 
for X G £'(.M) and a G C°°(e). 

Lemma 6.2. = [p(w), •] for all v G g. 
Proof. First, we claim that 

(6.3) v{e)=*.[(0,v),L{6)] 

for all (9 G C°°(a*(T*[l]M)). Indeed, for X G X'(M), we have 

a* [(0, v) , t(r*X)] = <t» [(0, «), t o cr* (X, 0)] 

= a* [(0, 0)] 
= 0, 

and for a G C°°(<5), we have 

*4(0, v),t(a®l)] = cr,[(0,V),(0,a)] 
= cr*(0, V (a)) 
=t7 (a) ® 1. 

Thus we see that (|6.3|) is valid, since it agrees with (|6.1[) and (|6.2|l . 
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To prove the lemma, we need to show that v is a- related to [p(v), •] for v G Q. 
Using ()6.3[) and the fact that t(l <g> X) is cr-related to X, we have 

v(a*X) = u(l<g)X) 

= (7»[(0, u),t(l ®X)] 

= l®[p(v),X] 
= a*([p(v),X}) 

for X G X'(M), as desired. □ 

An immediate consequence of Lemma 16.21 is the following: 

Corollary 6.3. The cotangent lift action a is Hamiltonian, with moment map 
ll : T*[1]M —> given by ll*(v) = p(v) for v G 1]. 

Finally, we will show, using the fact that the action of Q on M. is homotopy Pois- 
son, that the cotangent lift action is Q-Hamiltonian, and therefore the hypotheses 
of Theorem 15.31 are satisfied. 

Following the construction of ^3 we lift the moment map to a map fx : a* (T* — >■ 
T*[1](J, which in this case is given by fx* 9 = cr*(0, 9) for 9 G X' (Q). Then we define 
the vector field $ G X(a* (T*[1]M)) by 

$(?*X)=r*(d 7r X) ! 

$(a ® 1) = fx*d^,a, 

for X 6 X m {M) and a G C°°(^). 

Lemma 6.4. <I> = cr* o drv ^) o t. 

Proof. It suffices to check that $ and cr* o d^,^) 1 agree on functions of the form 
t*X and a ® 1 for X G X'{M) and a G C°°(3). Thus we compute 

$(r*X) = o^X.O) 

= cr* o d (7r ,0) (X, Q) 

= <7* o d^rf) o t o cr*(X, 0) 

= cr* o oio r*X 

and 

$(a® 1) = cr*(O,d0a) 
= cr* o d^^a 

= er„ o d^^) o i(a <g> 1). □ 

Proposition 6.5. The cotangent lift a : T*[l]MxQ — > T*[1]M is a Q-Hamiltonian 
action. 

Proof. Proposition 14. 21 implies that the moment map \x is a Q-manifold morphism. 
It remains to show that a is a Q-manifold morphism. 

The fact that a is a homotopy Poisson map means that, if Z G 3E*(A1 x Q) is 
cr-related tole X'{M), then d^^Z is cr-related to d^X. For all X G X'(A / I), 
we have that t(l <g> X) is cr-related to X. Therefore d^xj o c(l (g) X) is cr-related to 
d^X, or in other words, 

cr* o d^^) o i(l (g) X) = 1 (g) d^X. 
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Using Lemma T6.41 we then have $(1 <g> X) = 1 <E> d^X, which may be rewritten as 
<£>(cr*X) = (j*(d 7r X). Thus we conclude that $ is a-related to d n . □ 

Proposition 16.51 allows us to apply Theorem 15.31 and the following result is a 
straightforward consequence. 

Theorem 6.6. Let M be a homotopy Poisson manifold, and let Q be a flat ho- 
motopy Poisson Lie group with a free and proper homotopy Poisson action on M. . 
Then the homotopy Poisson structure on the quotient M./Q is given by the induced 
homological vector field on the symplectic quotient T*[l]Ai/ /Q — T*[1](M/Q) . 

Example 6.7. Let M be a Poisson manifold, and let G be a Poisson Lie group with 
a free and proper Poisson action on M. Then Theorem 16.61 says that the reduced 
symplectic iVQ-manifold T*[1]M/ /G corresponds to the quotient Poisson manifold 
M/G. Thus we have an interpretation of Poisson quotients in terms of reduction 
of degree 1 symplectic TVQ-manifolds. 

7. Homotopy Poisson structures of degree n 

The framework of "reduction by homotopy Poisson Lie group action" described 
in $5]is specific to degree 1 symplectic Q-manifolds. In order to deal with symplectic 
Q-manifolds of higher degree, we need to consider analogues of homotopy Poisson 
Lie groups in higher degrees. In this section, we briefly give definitions and state 
results for homotopy Poisson structures of degree n. We omit proofs, since those 
for the case n = 1 generalize in a straightforward way. 

A homotopy Poisson algebra structure of degree n on A is defined exactly as in 
Definition 12.11 except that A is now defined to be the degree n suspension A[n], 
so that Ai = Ai+n- If Pe is thought of as a bracket on A, then /3# is of degree 
l + (l-£)n. 

A homotopy Poisson manifold of degree n is a graded manifold A4 whose algebra 
of functions C°°(M.) is equipped with a degree n homotopy Poisson algebra struc- 
ture of finite type. A degree n homotopy Poisson structure on a graded manifold M 
may be described by a degree n + 1 element tt G C°°{T*[n}M) such that {n 7 it} = 0. 
Here, the bracket is the canonical degree —n Poisson bracket on T*[n]Ai. The map 
7r h-> d„, where d„ — {tt, •} gives a bijection between degree n homotopy Poisson 
structures and polynomial symplectic homological vector fields on T*[n]A4. 

A homotopy Poisson Lie group of degree n is a graded Lie group equipped with 
a homotopy Poisson manifold structure such that the multiplication map is a ho- 
motopy Poisson morphism. A homotopy Lie bialgebra of degree n is a graded Lie 
algebra g equipped with a differential on S({j[— n\) that is a derivation of the degree 
— n Schouten bracket. Such a differential on S(g[— n}) may equivalently be viewed as 
a polynomial homological Poisson vector field on 0*[n], or an Loo-algebra structure 
on Q*[n — 1] that is compatible with the Lie algebra structure on q. 

We remark that a Q-group (resp. DGLA) may be viewed as a homotopy Poisson 
Lie group (resp. homotopy Lie bialgebra) of any degree. 

Let S be a degree n symplectic Q-manifold, and let Q be a flat degree n homotopy 
Poisson Lie group with a Hamiltonian action on S. The moment map fi : S — > g* [n] 
may be lifted to a map ft, : S x Q — > T*[n]Q, which may then be used to define 
a vector field $ on S x Q, as in [J5] As in Definition 15. 2\ the action is called Q- 
Hamiltonian if the moment map and action map are both Q-manifold morphisms. 
Then Theorem 15.31 generalizes as follows. 
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Theorem 7.1. Let Q be a flat degree n homotopy Poisson Lie group with a Q- 
Hamiltonian action on a degree n symplectic Q-manifold S. LfO is a regular value 
of fi and the action of Q on /i~ 1 (0) is free, then the homological vector field on S 
descends to a symplectic homological vector field on n~ l {0)/Q. 

We conclude by describing two examples of degree 2 homotopy Lie bialgebras. 

Example 7.2 (Left-central Courant algebras). A Courant algebra [3] over a Lie 
algebra g is a vector space a equipped with a bilinear bracket [•, •] and a map 
p : a — > g such that, for all Oi, a 2 , 03 £ a, 

(1) [ai, [02,03]] = [[01,021,03] + [02, [01,03]]) 

(2) p([oi,aa]) = [p(a 1 ),p(a 2 )}. 

A Courant algebra a is left-central if [ft-, a] = for all h £ kerp, a £ a. 

Let a be a left-central Courant algebra, and let f) := keip. We may form a 
graded vector space g := f)[2] © o[l] © g, where elements of f) and o are viewed as 
being of degree —2 and —1, respectively. The bracket on a induces a graded Lie 
bracket { • , • } ong, defined as 

{(01,01,01,02,02,02)} = 

(7.1) 

= (P>i,M + [oi,a 2 ] + [a 2 ,ai] - [62,01], [61,02] - [62,01], [31,52]) , 

where 61, 62 £ a are such that p(6j) = gi. The left-central property of a implies that 
(|7.ip is well-defined. 
The exact sequence 

*- F) ^g ^0 

determines a differential on g. This differential is a derivation of the Lie bracket, 
so g is a DGLA. 

Let S be the degree 2 symplectic iVQ-manifold corresponding to a Courant 
algebroid E. Then an infinitesimal Q-Hamiltonian action of g on S may be shown 
to be equivalent to what Bursztyn, Cavalcanti, and Gualtieri [3] called an "extended 
action with moment map" of o on E. In this case, their notion of moment map 
reduction coincides with Q-Hamiltonian reduction [2]. 

Example 7.3 (Matched pairs). Let g = f)[l] © g be a graded Lie algebra; in other 
words, g is a Lie algebra equipped with an action on the vector space t). The action 
can be dualized to an action of g on fj*. 

A quadratic degree 2 homotopy Lie bialgebra structure on g is given by a graded 
Lie algebra structure on g*[l] = h* ffi 0*[1], which is equivalent to a Lie algebra 
structure on f)* and an action of f)* on g*. This action may be dualized to an action 
of f)* on g. 

There is a compatibility condition between the graded Lie algebra structures 
on g and g*[l]. Expressed in terms of the actions of g and f)* on each other, the 
compatibility condition is exactly that of a matched pair [51 110] of Lie algebras. 
Thus, Lie algebra matched pairs form a special case of degree 2 homotopy Lie 
bialgebras. 
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